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Abstract 
Ainouche, A., Four sufficient conditions for hamiltonian graphs, Discrete Mathematics 89 
(1991) 195-200. 
The purpose of this communication is to describe four new sufficient conditions for the 
existence of hamiltonian circuits in graphs. We mention first ten known results. Each one can 
be derived from at least one of the new conditions. 
We consider only undirected graphs G = (V, E) without loops. We assume that G is 
k-connected. For S c V, we denote by N(S) the set of vertices adjacent to at least one vertex of 
S and by d(S) the cardinality of this set. 
Theorem 1 [7]. Zf d(a) + d(b) 2 n for any two non-adjacent vertices a, b E V then 
G is hamiltonian. 
Theorem 2 [B]. Let G be a 2-connected graph. If 
ab 4 E j IN(a) U N(b)1 + min{d(u) 1 u E V} 3 n 
then G is hamiltonian. 
Theorem 3 [9]. Let G be a 2-connected graph. If 
ab $ E 3 IN(a) U N(b)1 3 (2n - 1)/3 
then G is hamiltonian. 
Theorem 4 [ll]. Let G be a 2-connected graph. Zf 
ab $ E j 2 IN(a) U (Nb)l + d(a) + d(b) 2 2n - 1 
then G is hamiltonian. 
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It is easy to check that Theorem 4 is stronger than Theorems 1 to 3, while 
Theorems 1, 2 and 3 are incomparable in the sense that neither theorem implies 
the other. 
Theorem 5 [12]. Let G be a 2-connected graph. Zf 
ab $ E *N(a) U N(b) + max{d(a), d(b)} 2 n 
then G is hamiltonian. 
Theorem 6 [12]. Let G be a 2-connected graph. Zf 
d(u) + d(v) + d(w) 2 n + IN(u) f-l N(v) l-l N(w)1 
hola!s for every independent set {u, v, w}, then G is hamiltonian. 
Theorem 5 is in fact obtained as a corollary of Theorem 6 in [ 121. 
The bound (2n - 1)/3 in Theorem 3 is lowered to (2n - 3)/3 in [l, lo], yielding 
a result that is best possible for all n 2 5. 
Theorem 7 [l, lo]. Let G be a 2-connected graph. Zf 
ab $ E j IN(a) U N(b)1 3 (2n - 3)/3 
then G Is hamiltonian. 
Using the dual closure defined in [2], we can easily improve Theorem 2 by 
stating the following theorem. 
Theorem 8. Let G be a 2-connected graph. Zf 
ab$E+IN(a)UN(b)I+ min{d(u)l u 4 {a, b} U N(a) U N(b)} z= n 
then G is hamiltonian. 
Theorem 9 [13]. Let G be a k-connected graph with independence number a. Zf 
LY < k, then G is hamiltonian. 
Theorem 10 [14]. Let G = (V, E) be a k-connected graph of order n. Suppose 
there ex&s some s, 1 G s G k such that for every independent set S c V(G) of 
cardinal@ s we have 
WP-&n - 1) 
then G is hamiltonian. 
It is shown in [3] that Theorems 9 and 10 are incomparable. Clearly Theorem 
10 is a generalization of Theorem 3 to larger independent sets. 
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We now, in turn, generalize Theorem 10 in four ways. To be concise, the 
following theorems are simpler versions of the results established respectively in 
[3], [4], [5] and [6]. We also restrict ourself to the existence of hamiltonian 
circuits. The other hamiltonian properties as well as the complete versions and 
proofs can be found in the given references. 
Given as independent set X, let 
D(x) = {v: IN(V) n xl 2 2}, 
Z(X) = {u: IN(u) n X( 2 max(2, (X( - l}}, 
J(X) = {u: IN(u) f-l X] = IX]}. 
Put L(X) = ID(X)], i(X) = ]Z(X) and j(X) = ]J(X)]. 
Theorem A. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 s s s k such that for every independent set S c V of cardinality s 
we have 
then G is hamiltonian. 
Corollary A.l. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 16 s s k such that for every independent set S c V of cardinality s 
we have 
then G is hamiltonian. 
Corollary A.1 generalizes Theorem 10. 
Corollary A.2. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some, s, 1 s s s k such that for every independent set S c V of cardinality s 
we have 
then G is hamiltonian. 
Corollary A.2 generalizes Theorem 7 to larger sets. 
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Theorem B. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 16 s < k such that for every independent set S c V of cardinality s 
we have 
then G is hamiltonian. 
Corollary B.l. Let G = (V, E) b e a k-connected graph of order n. Suppose there 
exists some s, 1 <s < k such that for every independent set S c V of cardinal@ s 
we have 
then G is hamiltonian. 
It is easy to see that Corollary B.l is stronger than Theorems 4 and 10. 
Theorem C. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 G s G k such that for every independent set S c V of cardinal@ s 
we have 
d(S) + max{max{d(u) 1 u E S}, min{d(u) 1 u $ S UN(S)}} 2 n 
then G is hamiltonian. 
Corollary C.l. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 c s c k such that for every independent set S c V of cardinal@ s 
we have d(S) + max{d(u) 1 u E S} > n then G is hamiltonian. 
Corollary C.l is stronger than Theorems 5, 9 and 10. 
Corollary C.2. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 <s < k such that for every independent set S c V of cardinal@ s 
we have 
d(S) + min{d(u) ) u $ S U N(S)} 3 n 
then G is hamiltonian. 
Corollary C.2 is stronger than Theorems 8 and 9. 
Theorem D. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 c s < k such that for every independent set X c V of cardinality 
s + 1 we have 
d(X) + (A(X) + i(X) [(s - 1)/2])/ l(s + 1)/2] 2 n 
then G is hamiltonian. 
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Corollary D.l. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 ss s k such that for every independent set X c V of cardinality 
s + 1 we have d(X) + i(X) > n then G is hamiltonian. 
Corollary D.l is stronger than Theorem 6. 
Corollary D.2. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 d s s k such that for every independent set X c V of cardinality 
s + 1 we have 
d(X) + A(X)/ l(s + 1)/2] 2 n 
then G is hamiltonian. 
Corollary D.2 is stronger than Theorems 6 and 10. Note that Corollaries D.l 
and D.2 are equivalent for s S 2. 
Corollary D.3. Let G = (V, E) be a k-connected graph of order n. Suppose there 
exists some s, 1 s s s k such that for every independent set S c V of cardinality s 
we have 
4s) > 5 (n - 1) - (j(S) ls/2J)/(s + 1) 
then G is hamiltonian. 
Corollary D.3 is stronger than Theorem 10. 
Outline of the proofs. The proof technique is similar to that used by Fraisse [14]. 
However, the following Lemma plays a crucial role. 
Given a cycle C of maximal length and an independent set X, let 
A = {II: N(v) n X = 0} = V\N(X), A, = A II V(C). 
Lemma. Let C be a circuit of maximal length in G. There exists an independent set 
X with IX n V(C)1 = s = [XI- 1 such that 
(a) L(X) G D(X) = V(C), 
(b) IN f~ D(X)1 s IAcl, for all xi E X, 
The complete proof is given in [3]. The proofs of Theorems A, B and D make 
use of statement (c) of the Lemma while for Theorem C statement (b) is more 
appropriate. 
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